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Abstract
We present the results of the thermodynamic theory of piezoelectric ferroelectrics and of the
phenomenological theory of thermodynamic characteristics of the KH2PO4 type ferroelectrics.
Available experimental data for the dielectric, piezoelectric, and elastic characteristics of the
KH2PO4 type ferroelectrics and NH4H2PO4 type antiferroelectrics are described using the
proposed microscopic theory of these crystals. Using the results of the thermodynamic theory
and experimental data we calculate the dielectric, piezoelectric, and elastic characteristics of
the K1−x(NH4)xH2PO4 type systems.
1 Introduction
Since the 1990-ies, large attention has been paid to investigations of the K1−x(NH4)xH2PO4 type
systems, undergoing the phase transitions to the proton glass phase at low temperatures. Theoret-
ical descriptio of the thermodynamic and dielectric properties of these compounds is a complicated
and unsolved problem of statistical physics. Description of their dynamic properties within a mi-
croscopic approach is particularly interesting. Experimental studies and theoretical description
of the temperature curves of real and imaginary parts of the dynamic dielectric permittivity ten-
sor at different frequencies, especially the low-temperature curves of the imaginary parts at low
frequencies, are very important.
In [1–3] a cluster theory of static characteristics of model proton glasses with an arbitrary range
of competing interactions has been proposed. In [4–9] a cluster theory of the thermodynamic and
dynamic characteristics of the Rb1−x(NH4)xH2PO4 type system has been proposed. It has been
shown that at the proper choice of the model parameters this theory yields a satisfactory quanti-
tative description of experimental data for these systems. Inconsistency of different experimental
data was also revealed.
In [10, 11] it has been indicated that the piezoelectric coupling the K1−x(NH4)xH2PO4 type
systems can exist. Unfortunately, in [4–9] this coupling was not taken into account.
In the paraelectric phase the ferroelectric compounds of the MD2XO4 type (M = K, Rb, ND4;
X = P, As) crystallize in the 4¯ · m class of tetragonal singony (the space group I 4¯2d with non-
centrosymmetric point group D2d). These crystals are piezoelectric in both phases (paraelectric
and ferroelectric or paraelectric and antiferroelectric), which essentially affects the behavior of their
physical characteristics.
Description of the dielectric properties of the MD2XO4 type ferroelectrics within the framework
of the conventional proton ordering model (see [12–18]) was restricted to the static limit and to the
high-frequency relaxation. Attempts to explore the piezoelectric resonance phenomenon within a
model that does not take into account the piezoelectric coupling are pointless. The conventional
proton ordering model does not distinguish free and clamped crystals and is not able to reproduce
the effect of crystal clamping by high-frequency electric field. This leads to an incorrect description
of the temperature behavior of the calculated polarization relaxation time and dynamic dielectric
permittivity of the MD2XO4 type ferroelectrics in the phase transition region.
Studies of the influence of the piezoelectric coupling on the physical characteristics of the
KH2PO4 type ferrroelectric has been started in [19], where the Slater theory [20] has been modified
by taking into account the splitting of the lowest ferroelectric level of the proton system caused
1
by the strain ε6. More extensive results for the deformed ferroelectrics of the KH2PO4 type were
obtained in [21–31].
In [21, 22] a consistent microscopic formulation of the way with the strains of the different
symmetries should be included into the proton ordering model has been made. Later [23–26]
all possible splittings of the proton configuration levels by the strains ε6 were taken into account.
In [23] the phase transition in a deformed K(H0,12D0,88)2PO4 crystal has been explored for the first
time. The thermodynamic, longitudinal dielectric, piezoelectric, and elastic characteristics of the
crystal were calculated; their dependence on the stress σ6 was studied. A thorough investigation
of the thermodynamic and longitudinal dielectric, piezoelectric, and elastic characteristics of the
K(H1−xDx)2PO4 ferroelectrics was performed in [24].
In [27] a generalization of the proton ordering model for the KH2PO4 type ferroelectrics was
proposed, in order to explore the piezoelectric, dielectric, and elastic characteristics associated
with the strains ε4 and ε5. The expressions for the transverse physical characteristics of these
crystals in the paraelectric phase have been obtained and explored within the four-particle cluster
approximation. By the proper choice of the model parameters, a good agreement between the
theory and experiment for KH2PO4 and NH4H2PO4. A thorough investigation of transverse and
longitudinal characteristics of the NH4H2PO4 and ND4D2PO4 antiferroelectric has been performed
in [29].
The relaxation phenomena in the KH2PO4 type ferroelectrics and NH4H2PO4 type antiferro-
electrics were explored within the modified proton ordering model with taking into account the
piezoelectric coupling in [32–35]. The experimentally observed phenomena of crystal clamping by
the high-frequency electric field, piezoelectric resonance, and microwave dispersion were described.
Mixed ferroelectric-antiferroelectric (FE-AFE) crystals of the K1−x(NH4)xH2PO4 type are a
great example of structural glasses. In these solid solutions a dipole glass state (DG) exists at
low temperature and at certain compositions. The T-x phase diagram of these compounds was
explored in [36–38]. It is known that the FE or AFE phase transitions are present in systems
with ammonium content 0.0¡x¡0.2 and 0.7¡x¡1.0, respectively. At 0.2¡x¡0.7 a glass-like behavior
is observed at low temperatures. At boundary compositions, the ferroelectric, paraelectric, and
dipole glass state coexist in a wide temperature range [37].
These compounds, according to [39], are of the KDP type and have a tetragonal structure
(I 4¯2d) at room temperature. With lowering temperature the ferroelectric or antiferroelectric phase
transitions are observed, attributed to the proton ordering on the hydrogen bonds, connecting the
neighboring PO4 groups. In the paraelectric phase the protons jump between two equilibrium
positions on the bonds. Below the ferroelectric or antiferroelectric transition temperatures (Tc
or TN , respectively) a probability to find a proton in one of the two positions in the two-well
potential on the bond increases. Formation of the so-called ”lateral” proton configurations leads
to the antiferroelectric phase transition and to appearance of the dipole moments in the ab plane.
Appearance of the ”up-down” configurations at the ferroelectric phase transitions leads to shifts
of the heavy ions (P, O, and K) and gives rise to spontaneous polarization (Ps) along the c axis.
The ferroelectric and antiferroelectric phases are orthorhombic, Fdd2 and P212121, respectively.
Even though the mixed crystals K1−x(NH4)xH2PO4 are well studied, their electromechanical
properties are practically not explored. In [9] an important role of the piezoelectric coupling for the
ferroelectric crystals of the KH2PO4 was shown. In [40,41] a necessity for a thorough investigation
of the effects caused by the piezoelectric coupling in these systems was underlined. Some prelimi-
nary results of such investigations are presented in [9]. In [42–44] a detailed experimental study of
the dielectric, piezoelectric, and elastic properties characteristics of these materials is reported.
In the earlier theoretical studies of the Rbx(NH4)1−xH2PO4 type mixtures, either only short-
range [45] or only long-range [46, 47] interactions were taken into account. However, in these
crystals, the PO4 (AsO4) groups and their random surrounding by the Rb or NH4 ions play a
crucial role in formation of the energy levels of the system and in creation of the random internal
field. At the same time, an important role in formation of the ferroelectric and antiferroelectric
structures is played by the long-range interactions.
Two types of random interactions in simple Ising-type systems with pair interactions were taken
into account within the cluster approach in [1–3]. In [4–8] within the four-particle approximation
the temperature curves of polarization, Edwards-Anderson parameters, longitudinal and trans-
verse permittivities of the Rbx(NH4)1−xH2PO4 type system have been satisfactorily described.
However, for the transitional composition ranges and in the phase transition temperature ranges
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some qualitative and quantitative discrepancies between the theory and experiment remain. We
believe that to remove these discrepancies one has to take into account the piezoelectric coupling
and use a better approximation for the fluctuations of the random long-range interactions. In our
previous papers we took into account only the average values of the long-range interactions. In
this paper, for a simple model with random short-range and long-range interactions and random
internal field, we take into account also the piezoelectric coupling. A useful information about the
mechanism of the phase transitions in the Rbx(NH4)1−xH2PO4 type systems can be obtained from
experimental and theoretical studies of the influence of the external electric fields, hydrostatic and
uniaxial pressures on the system. Correct calculations in this case are possible only with taking
into account the piezoelelctric coupling.
In the present paper we consider in detail the results of the thermodynamic theory of piezo-
electrics and the results of the phenomenological theory of the KH2PO4 type ferroelectrics. The
main theoretical results for the dielectric, piezoelectric, elastic, and dynamic characteristics of
the KH2PO4 type ferroelectrics and NH4H2PO4 type antiferroelectris are also presented. Using
the obtained experimental data, within the thermodynamic theory the results for the dielectric,
piezoelectric, and elastic characteristics of the mixed K1−x(NH4)xH2PO4 systems are obtained.
2 Piezoelectric properties of the crystals
All ferroelectrics are also piezoelectric, at least in the ferroelectric phase [48], because the ferroelec-
tric crystals are polar in the single domain state, or each domain is polar in the multi-domain state.
A multi-domain crystal as a whole can be either piezoelectric or non-piezoelectric. If this crystal
is piezoelectric in the paraelectric phase, that is, it is non-centrosymmetric, then, in accordance
with the principle of recovering the paraelectric symmetry group after splitting into domains, the
crystal is piezoelectric in the ferroelectric phase in a multi-domain state.
The piezoelectricity is the phenomenon, when the mechanical stresses or strains induce a linearly
proportional to them electric polarization, or vice versa. External influence on the crystal is
described by intensive parameters, such as electric field Ei, mechanic stress σj , temperature T .
The internal state is described by the extensive parameters: polarization Pi, strains εj , entropy
S. The physical characteristics are determined by the relations between the external field and the
changes in its internal state. Hence, all characteristics is determined by the relations between two
of the following parameters Ei, Pi, σj , εj , T , and S.
Three of these characteristics are called the main ones; they relate two electric, two mechanic,
and two thermal parameters. Those are the dielectric susceptibility of mechanically free (σ = const)
and clamped (ε = const) crystals χσ,εii , compliances s
P,E
ij , and molar specific heat Cp at constant
pressure
χσ,εii =
(
∂Pi
∂Ei
)
σ,ε
, sP,Ejj =
(
∂εj
∂σj
)
P,E
, Cp =
(
∂S
∂T
)
p
, (2.1)
as well as the inverse dielectric susceptibility kσ,εii and elastic constants c
P,E
ij :
kσ,εii =
(
∂Ei
∂Pi
)
σ,ε
, cP,Ejj =
(
∂σj
∂εj
)
P,E
. (2.2)
Here the indices denote the parameter, which should be kept constant during measurements. Other
characteristics are of a mixed nature and called conjugate.
In a ferroelectric piezoelectric crystal, the changes in the mechanical parameters σj and εj
cause the changes in the electric parameters Ei and Pi. This is the direct piezoelectric effect. At
the converse piezoelectric effect the changes in Ei and Pi induced the changes in σj and εj . The
piezoelectric effect is characterized by the four piezoelectric moduli
- the coefficient of piezoelectric strain dij ;
- the coefficient of piezoelectric voltage eij ;
- the constant of piezoelectric voltage hij ;
- the constant of piezoelectric strain gij .
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These coefficient are determined as
dij =
(
∂Pi
∂σj
)
E
, eij =
(
∂Pi
∂εj
)
E
, hij = −
(
∂Ei
∂εj
)
P
, gij = −
(
∂Ei
∂σj
)
P
, (2.3)
for the direct piezoeffect, and
dij =
(
∂εj
∂Ei
)
P
, eij = −
(
∂σj
∂Ei
)
P
, hij = −
(
∂σj
∂Pi
)
E
, gij =
(
∂εj
∂Pi
)
E
. (2.4)
for the converse piezoeffect. We dropped the index T that indicated the fact that these character-
istics are isothermal.
Hence, in the direct piezoeffect, the piezoelectric coefficient dij determines the polarization of a
clamped crystal at given applied mechanical stress; the coefficient eij determines the polarization
caused by the strain; the constant hij determines the voltage in the open circuit at the given
strain; the constant gij determines the voltage in the open circuit at the given stress. In the
converse piezoeffect, the coefficient dij determines the strains in a free crystal at the given applied
electric field; the coefficient eij determines the stress that has to be applied to a crystal to keep it
undeformed at the given applied electric field; the constant hij determines the mechanical stress
induced by polarization; the constant gij determines the strain induced by polarization.
To describe the piezoelectric effect, we use the free energy F , which the function of Pi, εj , T
(i = 1, 2, 3, j = 4, 5, 6) [14, 48–55]. Hence,
dF = EidPi + σjdεj − SdT. (2.5)
Then
σj =
∂F
∂εj
, Ei =
∂F
∂Pi
, dS = −∂F
∂T
. (2.6)
Expanding the mechanical stress σj and electric field Ei at the isothermal conditions (T =
const), we obtain the following equations of the piezoelectric effect
εj = c
P
ijεj − hijPi, (2.7)
Ei = −hijεj + kεiiPi. (2.8)
The second group of equations can be obtained from the Gibbs’ function, which depends on
Ei, σj , T :
dG = −PidEi − εjdσj − SdT. (2.9)
Then
εj = − ∂G
∂σj
, Pi = − ∂G
∂Ei
, dS = −∂G
∂T
. (2.10)
Expanding the strains εj and polarization Pi, we obtain the second pair of the piezoeffect equations
εj = S
E
ijσj + dijEi, (2.11)
Pi = dijσj + χ
σ
iiEi. (2.12)
Using the elastic Gibbs’ function
dG1 = −εjdσj + EidPi − SdT (2.13)
and electric Gibbs’ function
dG2 = σjdεj − PidEi − SdT (2.14)
we get the third and the fourth pairs of the isothermal piezoeffect equations
εj = S
P
ijσj − gijPi, (2.15)
Ei = −gijσj + kσiiPi; (2.16)
σj = C
E
jjεj − eijEi, (2.17)
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Pi = eijεj + χ
ε
iiEi. (2.18)
We can also find the relations between the dielectric, piezoelectric, and elastic characteristics
dij = gijχ
σ
ii = eijs
E
jj ,
eij = hijχ
ε
ii = dijc
E
ij ,
hij = eijk
ε
ii = gijc
P
jj , (2.19)
gij = dijk
σ
ii = hijs
P
jj ,
χσii = χ
ε
ii + eijdij ; k
σ
ii = k
ε
ii − hijgij , (2.20)
cPjj = c
E
jj + eijhij , s
E
jj = s
P
jj + hijgij . (2.21)
The four piezoelectric coefficients are not independent: knowing one of them and using elastic or
dielectric characteristics, we can calculate the rest of the piezoelectric coefficients. The piezoelectric
coefficients correspond to different measurement conditions; these conditions are also determined
by the crystal state. Thus, the dielectric characteristics are different for the mechanically free and
clamped states of the crystal. On the other hand, the elastic characteristics are different for open
or short circuited crystals. Mechanical and electrical conditions at measurements should be also
taken into account at transitions between the piezoelectric coefficients.
A mechanically clamped crystal cannot be deformed (ε = 0). This state is indicated by the index
ε at χii and κii. In a mechanically free crystal the stresses are absent during the measurements.
This state in indicated by the index σ at χii and κii. Sometimes, the crystal states of constant
strains (εj = const) or constant stresses (σj = const) are considered, but such a consideration
gives no principally new result.
In ferroelectrics the quantities measured at constant stresses or at constant strains can be
essentially different because of the elastic contribution into the compliances. Measurements for a
clamped crystal are usually performed using the dynamical method at frequencies far above the
main resonant frequency of the sample, whereas the measurements for a free crystal are performed
at low frequencies or quasi-statically.
In a short-circuited crystal (electrically free) all the surface is at the same potential (E = 0).
This state is often realized when the pair of electrodes, which is short-circuited, is the one covering
the faces at which the piezoelectric polarization arises during measurements of s and c.
Electrically open crystal is completely isolated. This does not necessarily mean P = 0. In the
case of a isolated plate the condition P = 0 is fulfilled only in the case, when the polarization is
perpendicular to the crystal faces. If P = 0, the crystal is electrically clamped. The state with
E = 0 and P = 0 is marked by the corresponding indices at s and c.
In absence of the electric field (Ei= 0) applied to a free crystal (σj= 0), and if the spontaneous
strains are neglected (εj= 0) we have F = G = G1 = G2. For a free crystal in external field, if the
piezoeffect is neglected F = G = G1 + ~P ~E = G2 + ~P ~E.
To describe the “clamped” ferroelectrics it is convenient to use the variables Ps and εj , that is,
to use the free energy F (Pi, εj, T ). To describe the free crystals it is convenient to use the elastic
Gibbs’ function G1(Pi, σj , T ).
The susceptibility χσ33 increases with decreasing temperature by the hyperbolic law and reaches
about 105 at the transition point. Therefore, according to the expression d36 = g36χ
σ
33, the
piezomodule d36, which relates the polarization along the c axis to the mechanical stress ε6, also
has an anomaly at the Curie temperature.
The compliance sE66 also has an anomalous temperature behavior, since s
E
66 = s
P
66 + g36d36.
The origin of this anomaly is the following. In experimental conditions E = const means E = 0.
The sample faces perpendicular to c are electroded and short-circuited. If ones apply the shear
stress σ6 to the short-circuited crystal, the polarization along the c axis arises. Due to the converse
piezoeffect, this also increases the shear strain ε6. This effect is particularly strong near the
Curie point, where the piezomodule d36 increases anomalously. Therefore, the compliance of the
crystal with respect to the shear stress σ6, namely s
E
66, should increase anomalously near the Curie
temperature. At E 6= const (an “isolated” crystal) the polarization P3, induced by the strain σ6,
will create a depolarization field E3 = −4πP3, which decreases the polarization practically to zero.
In this case P = 0. Since the polarization is absent, then there is no strain ε6 either, and the
compliance sP66 has no anomaly at the Curie point.
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3 Phenomenological theory of the thermodynamic charac-
teristics
The KH2PO4 crystal undergoes the first order phase transition. Its spontaneous polarization Ps3
is proportional to the order parameter η(1); in the ferroelectric phase the polarization is accompa-
nied by the spontaneous strain εs6. Expansion of the crystal free energy in series over the order
parameter in absence of external electric field or mechanical stress contains only terms of the even
order and reads
F1(Ps3, εs6, T ) = F0 +
1
2
aε(T )P 2s3 +
1
4
bεP 4s3 +
1
6
cεP 6s3. (3.1)
It should be supplemented with the elastic energy
Fel(Ps3, εs6, T ) =
1
2
cP66ε
2
s6 − h36Ps3εs6. (3.2)
The quantities Ps3 and εs6 can be found from equations, following from the equilibrium condi-
tions
∂F
∂Ps3
= 0,
∂F
∂εs6
= 0, (3.3)
where F = F1 + Fel.
The coefficient aε(T ) should turn to zero at the stability limit of the paraelectric phase T0,
where T0 is the Curie-Weiss temperature. Therefore, in the vicinity of the stability limit a(T ) can
be expanded in (T − T0), retaining only the linear term
aε(T ) = aε
′
(T − T0), aε
′
=
(
∂a
∂T
)
T=T0
> 0.
In the case of the first order phase transition bε < 0; we replace b = −b¯. The coefficients a, b¯, c
F (P53, ε56, T ) have the index “ε”, since they are taken at constant strain and are positive.
From (1.24) we obtain the expressions for the spontaneous polarization of KH2PO4, which
corresponds to the free energy minimum
Ps3 =
{
b¯ε
2cε
[
1 +
√
1− 4c
ε
b¯ε2
(
aε′(T − T0)− h
2
36
cP66
)]} 12
, (3.4)
and for the spontaneous strain
εs6 =
h36
cP66
{
b¯ε
2cε
[
1 +
√
1− 4c
ε
b¯ε2
(
aε′(T − T0)− h
2
36
cP66
)]} 12
. (3.5)
In presence of external fields the polarization is P3 = Ps3+Pi3, and the strain is ε6 = εs6+ εi6.
If the external electric field E3 and mechanical stress σ6 are applied, we use the elastic Gibbs’
function
G1(P3, σ6, T ) = G10 +
1
2
aσP 23 +
1
4
bσP 43 +
1
6
cσP 63 +
1
2
sP66σ
2
6 + g36P3σ6. (3.6)
The first order phase transition in zero field takes place, when both G1 and its first derivative
with respect to P3 are simultaneously equal to zero at non-zero P3. From the condition
(
∂G1
∂σ6
)
= 0
we find that σ6 = − g36sP
66
P3; then the two conditions[
a
′σ
2
(T − T0)− 1
2
g236
sP66
]
− b¯
0
4
P 23 −
cσ
6
P 43 = 0, (3.7)
a
′σ(T − T0)− g
2
36
sP66
− b¯σP 23 + cσP 43 = 0 (3.8)
are satisfied simultaneously [54]. The solution of (1.28) reads
T = Tc = T0 +
3
16
b¯σ2
a′σcσ
+
1
a′σ
g236
sP66
. (3.9)
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The expression for Tc without the last term is presented in [14, 54].
Substituting (1.30) into (1.29), we find spontaneous polarization at Tc:
P 23c =
3
4
b¯
c
+
4
b¯
g36
sP66
. (3.10)
From the conditions of equilibrium(
∂G1
∂P3
)
σ=0
= 0,
(
∂G1
∂σ6
)
= ε6
we obtain expressions for polarization
P3 =
{
b¯σ
2cσ
[
1 +
√
1− 4c
σ
b¯σ2
(
aσ′(T − T0)− g
2
36
sP66
)]} 12
(3.11)
and strain
ε6 = s
P
66σ6 + g36
{
b¯σ
2cσ
[
1 +
√
1− 4c
σ
b¯σ2
(
aσ′(T − T0)− g
2
36
sP66
)]} 12
. (3.12)
The expression for the P3 is real at all temperatures T < T
−
0 , where T
−
0 is the stability limit
of the ferroelectric phase
T−0 = T0 +
b¯σ2
4a′σ
(
1 +
g236
sP66
)
.
At T = T−0 the polarization P3 is finite.
To find the static dielectric permittivity εσ33 we use the conditions(
∂G1
∂P3
)
σ=0
= E3,
∂G1
∂σ6
= ε6. (3.13)
As a result (
aσ − g
2
36
sP66
)
P3 − b¯σP 33 + cσP 53 = E3. (3.14)
Since E3 is small, Eq. (1.35) can be linearized. For that the polarization can be presented as
P3 = Ps3 + Pi3, (3.15)
where Pi3 is small. Using (1.35), neglecting the terms with ∼ P 2i3 and higher, and taking into
account the definition of Pi3 =
εσ
33
−1
4pi E3, we find and expression for the static dielectric permittivity
εσ33 = 1 + 4πχ
σ
33,
where
χσ33 =
1
a′σ(T − T0)− g
2
36
sP
66
− 3b¯σP 8s3 + 5cσP 4s3
=
=
{
b¯σ2
cσ
√
1− 4c
σ
b¯σ2
[
a′σ(T − T0)− g
2
36
sP66
]
× (3.16)
×
{
1 +
√
1− 4c
σ
b¯σ2
[
a′σ(T − T0)− g
2
36
sP66
]}}−1
.
The stability limit of the ferroelectric phase is determined by zero of this expression and coin-
cides with T−0 . Above the transition temperature
χσ33 =
Cχ
T − T+0
,
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where Cχ =
1
a
′σ
is the Curie-Weiss constant; T+0 = T0+
1
a
′σ
g2
36
sP
66
. For KH2PO4 Cε = 4πCχ = 3250 K.
The Curie-Weiss law is well obeyed within the temperature range of 50 K above T+0 .
The susceptibility
(
χσ33
)−1
is finite; at T = Tc is has a discontinuity; and the stability limits of
the paraelectric (T+0 ) and ferroelectric (T
−
0 ) phases do not coincide, which is typical for the first
order phase transitions.
From (1.15) at σ6 = 0 we get P3 =
ε6
g36
. Substituting this into (1.35), we have(
aσ − g
2
36
sP66
)
ε6
g36
− b
σ
g336
ε36 +
cσ
g536
ε56 = E3. (3.17)
We present the strain ε6 in the form
ε6 = εs6 + εi6. (3.18)
Let us substitute (1.39) into (1.38) and neglect the terms with ∼ ε2i6 and higher. In the result we
obtain an expression for the coefficient of piezoelectric strain
d36 =
εi6
E3
=
g36(
aσ − g236
sP
66
)
− 3b¯σ
g2
36
ε256 +
5c¯σ
g4
36
ε456
=
=
g36
a′σ(T − T0)− g
0
36
sP
66
− 3b¯σP 2s6 + 5cσP 4s6
= g36χ
σ
33. (3.19)
In the paraelectric phase
d36 =
B
T − T+0
, (3.20)
where B = g36
a
′σ
is the Curie-Weiss constant.
The major advantage of the thermodynamic theory is its mathematical simplicity, wide range
of applications, and a possibility to find the relations between various macroscopic parameters of
the ferroelectrics. Its limitations are caused by its purely macroscopic nature, which excludes any
microscopic insight into the transition origin or atomic processes associated with the ferroelectricity.
In fact, this theory is phenomenological.
4 Model Hamiltonian of the KH2PO4 and NH4H2PO4 crys-
tals
We shall consider a system of protons moving on the O-H...O bonds in KH2PO4 (KDP) and
NH4H2PO4 (ADP) crystals. The primitive cell of the Bravais lattice of these crystals consists of
two neighboring tetrahedra PO4 along with four hydrogen bonds attached to one of them (the ”A”
type tetrahedron). The hydrogen bonds attached to the other tetrahedron (”B” type) belong to
four surrounding it structural elements (fig. 1).
The calculations of the physical characteristics of the KDP and ADP crystals are performed in
the four-particle cluster approximation for the short-range interactions and the mean field approx-
imation for the long-range interactions in presence of external electric field E3 along the crystal-
lographic c axis and mechanical stress σ6 = σxy. In absence of tunneling the system Hamiltonian
reads
Hˆ = NH0 +
1
2
∑
qq′
Jff ′(qq
′)
〈σqf 〉
2
〈σq′f ′〉
2
+
∑
q
Hˆ(4)q,s,a, (3.1)
where N is the total number of primitive cells; σqf is the operator of the z-component of the
pseudospin, which eigenvalues σqf = ±1 correspond to the two equilibrium proton position in the
q-th cell on the f-th bond. The “seed” energy corresponds to the sublattice of heavy ions and does
not depend explicitly on the deuteron subsystem configuration. It is expressed in terms of the
strain ε6 and electric field E3 and includes the elastic, piezoelectric, and dielectric contributions
H0 =
v
2
cE066 ε
2
6 − ve036ε6E3 −
v
2
χε033E
2
3 . (3.2)
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Figure 1: A primitive cell of the KDP (a) and ADP (b) crystals. The numbers 1 , 2 , 3 , 4
indicate the hydrogen bonds: 1, 2 are possible equilibrium positions of the protons. Two of possible
proton configurations (ferroelectric (a) and antiferroelectric (b)) are shown.
where v is the primitive cell volume; cE066 , e
0
36, χ
ε0
33are the “seed” elastic constant, piezoelectric coef-
ficient, and dielectric susceptibility. They determine the temperature behavior of the corresponding
observable quantities at temperatures far from the phase transition.
The four-particle proton Hamiltonians H
(4)
q,s,a read
Hˆ(4)q,s = Hˆ
(4)s
q −
4∑
f=1
z6
β
σqf
2
, (3.3)
Hˆ(4)q,a = Hˆ
(4)a
q −
1
β
xq
(
−σq1
2
+
σq2
2
+
σq3
2
− σq4
2
)
−
4∑
f=1
z
β
σqf
2
, (3.4)
Hˆ(4)s,aq = (−δs6ε6 − 2δ16ε6)
(σq1
2
σq2
2
σq3
2
+
σq1
2
σq2
2
σq4
2
+
σq1
2
σq3
2
σq4
2
+
σq2
2
σq3
2
σq4
2
)
+
+2(δa4ε4 − δ14ε4)
(σq1
2
σq2
2
σq4
2
− σq2
2
σq3
2
σq4
2
)
+ (3.5)
+(Vs,a + δa6ε6)
(σq1
2
σq2
2
+
σq3
2
σq4
2
)
+ (Vs,a − δa6ε6)
(σq2
2
σq3
2
+
σq4
2
σq1
2
)
+
+Us,a
(σq1
2
σq3
2
+
σq2
2
σq4
2
)
+Φs,a
σq1
2
σq2
2
σq3
2
σq4
2
,
xq = β(−∆aeik
z
aq + 2νa(k
z)η(1)eik
z
aq ),
z6 = β(−∆c + 2νc(0)η(1) − 2ψ6ε6 + µ3E3),
z6 = β(−∆c + 2νc(0)η(1)z − 2ψ6ε6 + µ3E3),
where
4νc(0) = J11(0) + 2J12(0) + J13(0),
4ν0a(k
z) = J11(k
z)− J13(kz), Jff ′(kz) =
∑
aq−aq′
Jff ′(qq
′)e−ik
z(aq−aq′ ),
and kz = 1/2(b1+b2+b3), b1, b2, b3 are the vectors of the reciprocal lattice; e
ikzaq = ±1; ψ6 is
the deformation potential; ∆a and ∆c are the effective fields exerted by the neighboring hydrogen
bonds from outside the cluster. µ3 is the effective dipole moment.
∆cs, , is determined from the self-consistency condition: the mean values 〈σqf 〉 calculated within
the four-particle and one-particle cluster approximations should coincide.
In (3.5)
Vs = −w1
2
, Us =
w1
2
− ε, Φs = 4ε− 8w + 2w1,
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Va =
1
2
ε′ − 1
2
w′1, Ua =
1
2
ε′ +
1
2
w′1, Φa = 2ε
′ − 8w′ + 2w′1,
and ε = εa − εs, w = ε1 − εs, w1 = ε0 − εs, ε′ = εs − εa, w′ = ε1 − εa, w′1 = ε0 − εa, where εs, εa,
ε1, ε0 are the configurational energies of protons near the PO4 tetrahedra.
In absence of the external electric field or stress, we have the following equation for η(1)
η(1)s = 〈σq1〉 = 〈σq2〉 = 〈σq3〉 = 〈σq4〉 = (3.6)
=
1
Ds
(sinh(2z6 + βδs6ε6) + 2b sinh(z6 − βδ16ε6)),
Ds = cosh(2z6 + βδs6ε6) + 4b cosh(z6 − βδ16ε6) + 2a coshβδa6ε6 + d,
z6 =
1
2
ln
1 + η
(1)
s
1− η(1)s
+ βνcη
(1)
s − βψ6ε6, a = e−βε, b = e−βw, d = e−βw1 ;
and
η(1)a = −〈σq1〉 = 〈σq2〉 = 〈σq3〉 = −〈σq4〉 =
1
Da
(sinh 2x+ 2b′ sinhx), (3.7)
Da = a
′ + cosh 2x+ d′ + 4b′ coshx+ 1, x =
1
2
ln
1 + η
(1)
a
1− η(1)a
+ βνa(k
z)η(1)a .
a′ = e−βε
′
, b′ = e−βw
′
, d′ = e−βw
′
1 .
5 Dielectric, piezoelectric, and elastic characteristics
The dynamic characteristics of KDP and ADP crystals in presence of the piezoelectric coupling to
the strain ε6 will be explored using the proposed dynamic model based on a stochastic Glauber
model, with taking into account dynamics of the strains using Newtonian equations of motion
[32, 34]. Using the method developed in these papers, we obtain the following expressions for the
longitudinal dynamic susceptibilities of mechanically free KDP and ADP crystals
χσ33(ω) = χ
ε
33(ω) +R6(ω)
e236(ω)
cE66(ω)
, (5.1)
where [56]
R6(ω) = 1 +
∑ 64
(2k + 1)2(2l + 1)2π4
ω2
(ω0kl)
2 − ω2 , ω
0
kl =
√
cE66(ω
0
kl)π
2
ρ
[
(2k + 1)2
L2x
+
(2l+ 1)2
L2y
].
(5.2)
In (5.1) the longitudinal dynamic susceptibility of mechanically clamped KDP crystals, the
piezoelectric coefficient, and the elastic constant are
χε33(ω) = χ
ε0
33 +
βµ23
2v
F (1)(ω), (5.3)
e36(ω) = e
0
36 + (5.4)
+
βµ3
v
[
−ψ6F (1)(ω) + δs6F (1)s (ω) + δ16F (1)1 (ω)− δa6F (1)a (ω)
]
,
cE66(ω) = c
E0
66 +
4βψ6
vDs
fs +
2β
vD2s
(−δs6Ms6 + δ16M16 + δa6Ma6)2 + (5.5)
+
4βψ6
v
[
−ψ6F (1)(ω) + δs6F (1)s (ω) + δ16F (1)1 (ω)− δa6F (1)a (ω)
]
−
−4ϕ
η
sfs
vDs
β
[
−ψ6F (1)(ω) + δs6F (1)s (ω) + δ16F (1)1 (ω)− δa6F (1)a (ω)
]
−
− 2β
vDs
[
δ2s6 cosh(2z˜ + βδs6ε˜6) + 4bδ
2
16 cosh(z˜ − βδ16ε˜6) + δ2a62a coshβδa6ε˜26
]
,
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The expressions for F (1)(ω), F
(1)
s (ω), F
(1)
a (ω), F
(1)
1 (ω) are given in [57].
The longitudinal dynamic susceptibility of mechanically clamped ADP crystals, the piezoelec-
tric coefficient, and the elastic constant are
χε33(ω) = χ
ε0
33 +
βµ23
v
F (1)(ω), (5.6)
e36(ω) = e
0
36+
βµ3
v
[
−2ψ6F (1)(ω)+δs6F (1)s (ω)−δa6F (1)a (ω)+δ16F (1)1 (ω)
]
, (5.7)
cE66(ω) = c
E0
66 + (5.8)
+
4βψ6
vDa
[
−2ψ6F (1)(ω) + δs6F (1)s (ω) + δ16F (1)1 (ω)− δa6F (1)a (ω)
]
−
−4ϕ
η
afa
vDa
β
[
−2ψ6F (1)(ω) + δs6F (1)s (ω) + δ16F (1)1 (ω)− δa6F (1)a (ω)
]
+
+
4βψ6
vDa
fa − 2β
vDa
[
δ2s6a+ δ
2
164b+ δ
2
a6(1 + cosh 2x)
]
,
The expressions for F (1)(ω), F
(1)
s (ω), F
(1)
a (ω), F
(1)
1 (ω) are given in [58].
In the static limit ω → 0 from (5.3)-(5.8) we get the isothermal static dielectric susceptibilities
of a clamped crystal
χε33s,a = χ
0
33s,a + v¯
µ2
v2
1
T
2κs,a
Ds,a − 2κs,aϕηs,a , (5.9)
where
κs = cosh(2z6 + βδs6ε6) + b cosh(z6 − βδ16ε6)− (η(1)s )2Ds, κa = a+ b coshx,
ϕηs =
1
1− (η(1)s )2
+ βνc, ϕ
η
c =
1
1− η(1)2a
+ βνc(0).
isothermal piezoelectric coefficients
e36s = e
0
36s +
2µ3
v
βθs
Ds − 2ϕηsκs , (5.10)
e36a = e
0
36a + 2
µ3
v
β
−2κa + fa
Da − 2κaϕηa , (5.11)
where
θs = −2κcsψ6 + fs, fs = δs6 cosh(2z6 + βδs6ε6)−
−2bδ16 cosh(z6 − βδ16ε6) + η(1)z(6)(−δs6Ms6 + δa6Ma6 + δ16M16);
Ma6 = 2a sinhβδa6ε6, Ms6 = sinh(2z6 + βδs6ε6), M16 = 4b sinh(z6 − βδ16ε6).
fa = δs6a− δ162b coshx;
isothermal elastic constants at constant field
cE66s = c
E0
66s +
8ψ6
v
· β(−ψsκ
c
s + fs)
Ds − 2ϕηsκs −
4βϕηsf
2
s
vDs(Ds − 2ϕηsκs) − (5.12)
− 2β
vDs
[δ2s6 cosh(2z6 + βδs6ε6) + δ
2
a62a coshβδa6ε6 +
+δ2164b cosh(z6 − βδ16ε6)] +
2β
vD2s
(−δs6Ms6 + δa6Ma6 + δ16M16)2.
cE66a = c
E0
66a +
8ψ6
v
β(−ψ6κa + fa)
Da − 2κ6ϕηa −
4βϕηaf
2
a
vDa(Da − 2κaϕηa) − (5.13)
− 2β
vDa
(δ2164b
′ coshx+ δ2s6a
′ + δ2a62 cosh
2 x).
Using the known relations between the elastic, dielectric, and piezoelectric characteristics we
find
the isothermal elastic constants at constant polarization cP66 = c
E
66 + e
2
36/χ
ε
33; isothermal piezo-
electric coefficients d36 =
e36
cE
66
; isothermal dielectric susceptibilities at σ = const χσ33 = χ
ε
33+e36d36.
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6 Experimental measurements of the thermodynamic char-
acteristics
To find the elastic constants and piezoelectric coefficients one should induce crystal vibrations of
as simple form as possible and measure the resonant frequencies (fr) of a metallized 45
◦ Z-cut
plate, the antiresonant frequencies (fa) of a non-metallized plate, as well as the crystal capacity
at low frequencies. The coefficient of electromechanical coupling represent the part of the electric
energy transferred to the crystal at zero frequency, which is transformed to the mechanical energy,
and is determined by the frequencies fr and fa:
k236 =
f2a − f2r
f2r
. (6.1)
The resonant frequency fr is given by the expression [50]:
fr =
1
2l
√
1
ρ
s
′E
22 , (6.2)
where ρ is the crystal density, and
s
′E
22 =
1
4
(sE66 + s11 + s22 + 2s12), (6.3)
where s11 + s33 + 2s13 are the elastic compliances, calculated in [50]. Using expressions (5.2) and
(5.3) we find the elastic compliance at constant field sE66
sE66 =
1
ρl2f2r
− (s11 + s22 + 2s12). (6.4)
Respectively, the elastic constant at constant field is
cE66 =
1
1
ρl2f2r
− (s11 + s22 + 2s12)
. (6.5)
The compliance at constant polarization is
sP66 = s
E
66(1− k236). (6.6)
The first resonant frequency of induced by the external a.c. field E3t=E3e
iωt vibrations of a
thin square plate of a crystal with the sides l cut in the (001) plane and fixed along its perimeter,
reads [56]
fr =
1
l
√
cE66
2ρ
. (6.7)
From where the elastic constant is
cE66 = 2ρl
2f2r . (6.8)
Zwicker used another method to measure the elastic constants (see [51] ), by exciting the
crystal vibrations with an external source and observing the light diffraction by the ultrasound
waves (Bergmann-Schaefer method). At this sE and cE are measured, even though the crystal is
open-circuited.
The coefficient of piezoelectric strain d36 is found from the following relation [50, 60]:
d36 = 2k36(
εσ33
4π
s
′E
22 )
1
2 , (6.9)
There are other ways to measure the coefficient d36 (see [51]). If the higher order effects are small,
the following relation holds
P3 = d36σ6 (E = 0). (6.10)
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Using the ballistic galvanometer (E=0), Bantle and Caflish measured P3 in KDP in the paraelectric
phase as a function of the stress σ6 at different temperatures.
The converse piezoelectric effect is determined by the relation
ε6 = d36E3 (σ6 = 0). (6.11)
Arx and Bantle applied the electric field E3 and measured the elongation ε
′
1 along [110]
ε′1 =
1
2
ε6 =
1
2
d36E3. (6.12)
The obtained results are in a good agreement with the measurements in the direct piezoelectric
effect.
The dielectric susceptibility of a mechanically free crystal is determined from the measured
capacity at low frequency
εσ33 =
0.113h
Se
C, (6.13)
where h is the distance between the electrodes; Se is the electrode area. The dielectric permittivity
of mechanically clamped crystal is calculated as
εε33 = ε
σ
33(1− k236). (6.14)
7 Comparison of the numerical results to experimental
data. Discussion.
Let us analyze the results of the numerical calculations of the dielectric, piezoelectric, elastic char-
acteristics of the KDP and ADP crystals nd compare them with the corresponding experimental
data. It should be noted that the developed in the previous sections theory, strictly speaking,
is valid for the DKDP and DADP crystals only. In view of the suppression of tunneling by the
short-range interactions [64–66], we shall assume that the presented in the previous sections results
are valid for KDP and ADP as well.
For these calculations we use the values of the model parameters, which were found in [57, 58]
by fitting the theory to the experimental temperature dependences of the physical characteristics
of KDP and ADP. The used optimum set of the model parameters is given in Table 2.
Table 1: The used set of the model parameters for KDP.
Tc T0
ε
kB
w
kB
ν3(0)
kB
µ3−, 10
−18 µ3+, 10
−18 χ033
(K) (K) (K) (K) (K) (esu·cm) (esu·cm)
KDP 122.5 122.5 56.00 422.0 17.91 1.46 1.71 0.73
ψ6
kB
δs6
kB
δa6
kB
δ16
kB
c066 · 10−10 e036
(K) (K) (K) (K) (dyn/cm2) (esu/cm)
KDP -150.00 82.00 -500.00 -400.00 7.10 1000.00
The energy w1 of two proton configurations with four or zero protons near the given oxygen
tetrahedron should be much higher than ε and w. Therefore we take w1H = ∞ and w1 = ∞
(d = 0) and w′1 =∞ (d′ = 0).
The primitive cell volume, containing two PO4 groups is taken to be equal v = 0.1936 · 10−21
cm3 for KDP and v = 0.2110 · 10−21 cm3 for ADP.
The calculated temperature dependences of static dielectric permittivities of a free εσ33
and clamped εε33 KDP, RDP, and ADP crystals along with the experimental data shown in
figs. 2-3. At approaching Tc in the paraelectric phase ε
σ
33 increases by the hyperbolic law at
approaching the phase transition, reaching very high values at T = Tc. Below the phase transition
εσ33 decreases rapidly. The temperature behavior of (ε
σ
33)
−1 obeys the Curie-Weiss law is obeyed
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Table 2: The used set of the model parameters for ADP.
TN ,
ε
′
0
kB
, w
′
0
kB
,
ν0c
kB
, µ3, 10
−18, χ0ε33
(K) (K) (K) (K) (esu·cm)
ADP 148 20 490,0 -10,00 2,10 0,23
ψ6
kB
, δs6
kB
, δa6
kB
, δ16
kB
, c066 · 10−10 e036
(K) (K) (K) (K) (dyn/cm2) (esu/cm)
ADP -160 1400 100 -300 7.9 10000
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Figure 2: Temperature dependences of the dielectric permittivity of a clamped (εε33) (1) and free
εσ33 (1’) KDP crystals: , [50]; free (2) and clamped (2’) ADP crystals: • [50], ◦ [50], [67].
Figure 3: Temperature dependences of the dielectric permittivity of a clamped (εε33) (1) and free
εσ33 (1’) RDP: ◦ [60], • ((εσ33-1)/4π [61]- d236 [61]/sE66)4π+1, [62], △ [63]; free (2) and clamped
(2’) ADP: • [50], ◦ [50], [67].
in the temperature range ∆T < 50 K, and an essential non-linearity of the temperature curve
of (εσ33)
−1 is observed. The calculated without taking into account the piezoelectric coupling
dielectric permittivity ε33 of KDP at ∆T < 50 K coincides with ε
σ
33, whereas at larger ∆T the
curve of ε33(T ) is lower than that of ε
σ
33(T ). The permittivity ε
σ
33 of ADP is by ∼ 18% larger than
εε33; the difference between the two characteristics is temperature independent.
In figs. 4-5 we show the calculated temperature dependences of the coefficients of the piezoelec-
tric strain d36 of KDP, RDP, and ADP.
100 150 200 250 300
10−7
10−6
10−5
10−4
10−3
d36, esu/dyn 
T, K 
1 
2 
100 150 200 250
10−7
10−6
10−5
10−4
10−3
d36, esu/dyn 
T, K 
1 
2 
Figure 4: Temperature dependence of the coefficients of the piezoelectric strain d36 of KDP – 1,
[50], [68], [69]; ADP – 2, ◦, [50]. Lines: the theory.
Figure 5: Temperature dependence of the coefficients of the piezoelectric strain d36 of RDP – 1,
[60]; ADP – 2, ◦, [50]. Lines: the theory.
The temperature dependences of cE66 and c
P
66 of KDP, RDP and ADP are shown in fig. 6 and 7.
At the transition temperature the elastic constant cE66 of KDP approaches zero. The temperature
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Figure 6: Temperature dependences of the elastic constants cE66 and c
P
66 of KDP (1, 1’, respectively):
[50], [70], [71]; and ADP (2, 2’): , [50].
Figure 7: Temperature dependences of the elastic constants cE66 and c
P
66 of RDP (1, 1’, respectively):
–1/sE66 [59]; and ADP (2, 2’): , [50].
dependence of cP66 has no anomaly at the phase transition. The elastic constant c
E
66 of ADP, in
contrast to KDP, is finite at T = TN and hardly temperature dependent.
The temperature dependence of the difference εσ33 − εε33 = 4πe36d36 = 4πe236/cE66 = 4πd236cE66 in
KDP and ADP is plotted in fig. 8
80 100 120 140 160 180 200 220 240 260
10−2
100
102
104
ε33
σ
−ε33
ε
T, K 
1 
2 
Figure 8: The temperature dependence of the difference εσ33 − εε33 of KDP (1) and ADP (2).
Hence, the proposed theory, as seen in figs. 2-6 adequately describes the experimental data for
the static dielectric, piezoelectric, and elastic characteristics of KDP and ADP.
Let us calculate the longitudinal dynamic characteristics of mechanically free KDP and ADP
crystals, cut as l × l square plates (l = 1 mm) in the (0,0,1) plane.
In figs.9 and 11 we show the frequency dependences of the real and imaginary parts of the
dielectric susceptibility of free KDP at ∆T=5K, RDP at ∆T=5, 10, 50 K, and ADP at ∆T=28 K.
In the frequency range 3·105–3·108 Hz the susceptibility of these crystals has a resonant dispersion.
The resonant frequencies are inversely proportional to the sample side length. The dashed lines
in figs. 9, 11 correspond to the low-frequency permittivity curve of a clamped crystal. With
increasing frequency or temperature ∆T the resonant peaks lower down. The last peak shifts to
higher frequencies with increasing temperature ∆T . A similar multi-peak resonant dispersion is
also observed in the ferroelectric phase. Above the resonances the crystal is clamped by the high-
frequency field; the permittivity of a clamped crystal above has a relaxational dispersion above
109 Hz. At ω → 0 we obtain the static dielectric permittivity of a free crystal.
Below the piezoelectric resonances, where the free crystal permttivity is measured, k23(ν) ≈ 0.4,
whereas above the resonances, where the clamped crystal permittivity is measured, k23(ν) ≈ 0.
In fig. 12 we plot the temperature dependences of the lowest resonance frequencies (k = l = 0)
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Figure 9: The frequency dependences of the real and imaginary parts of the dielectric susceptibility
of free and clamped KDP at ∆T=5K, ◦ – [72],  – [73].
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Figure 10: The frequency dependences of the real and imaginary parts of the dielectric susceptibility
of free and clamped RDP at ∆T=5K- 1, ∆T=5K- 2,∆T=5K- 3; ◦ – [72],  – [73].
of the KDP, RDP, KDA, and ADP crystals at Lx = 1, 37cm and Ly = 0, 79 cm.
The presented here results show that the presence of the piezoelectric coupling in the KH2PO4
family crystals leads to the difference between the permittivities of mechanically free and clamped
crystals, existence of the piezoelectric coefficients, and piezoelectric resonances. Unfortunately,
such studies, either theoretical or experiment, have not been performed yet for the mixed com-
pounds of the K1−x(NH4)xH2PO4 type. It is important to explore the temperature and frequency
dependences of ε′33(νT ) and ε
′′
33(νT ), estimate the coefficient of electromechanical coupling and the
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Figure 11: The frequency dependences of the real and imaginary parts of the dielectric susceptibility
of free and clamped (dashed line) ADP at ∆T = 28 K,  – [74].
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Figure 12: The temperature dependences of the lowest resonance frequencies (k = l = 0) of the
KDP, RDP, KDA, and ADP crystals.
difference between the free and clamped permittivities, which indicates the presence of the piezo-
effect. It is also interesting to explore the concentrational dependences of the above mentioned
characteristics in the K1−x(NH4)xH2PO4 type systems.
8 Dielectric, piezoelectric, and elastic characteristics of the
ferroelectrics K1−x(NH4)xH2PO4 systems.
Experimental measurements were performed for the samples with ammonium content x = 0.0, 0.08;
0.19, 0.24, 0.32, 0.67, 0.75 and 0.97, having the form of thin plates cut at 45◦ to the axes a, b, and
perpendicularly to the axis c. Silver electrodes were evaporated on the surfaces perpendicular to
the axis c. The samples were placed in in a cryostat, where the temperature was varied between
10 and 300 K within an accuracy less than 0.5 K. The dielectric permittivities (εσ33 and ε
σ
11) were
measured using the capacitance bridge operating at 10 kHz. The resonance fr and antiresonance
fA frequencies were measured. The elastic constant c
E
66 was calculated using the relation (6.5).
The elastic compliances and densities, occurring in (6.5), for K1−x(NH4)xH2PO4 were calculated
in the mean crystal approximation
ρ(x) = ρKDP (1− x) + ρADPx; Sij(x) = SKDPij (1− x) + SADPij x.
The experimental values of ρKDP , ρADP , SKDPij , S
ADP
ij were taken from [50]. The piezoelectric
coefficients d36 and dielectric permittivities ε
ε
33 of the K1−x(NH4)xH2PO4 crystals are calculated
using (6.9) and (6.14), respectively. The experimental results are presented in figs. 13, 14.
As one can see, εσ33 and d36 increase with decreasing temperature and have maxima at the
ferroelectric phase transition temperatures (Tc), or the transition to the proton glass phase (Tg).
The shown in figs. 13, 14 dependences indicate the existence of piezoelectricitiy in the mixed
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Figure 13: The temperature dependences of the dielectric permittivity of the mixed
K1−x(NH4)xH2PO4 crystals at small x (a) and large x (b). The data marked as 1-4 and 1’-4’
correspond to the permittivities of fee and clamped samples, respectively. Solid lines are the
theoretical results of [24]. Data represented by • and ◦ are taken from [50].
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Figure 14: The temperature dependences of the coefficient of piezoelectric strain of
K1−x(NH4)xH2PO4 at small x (a) and large x (b). Solid lines are the theoretical results of [24].
Data represented by are taken from [50]).
K1−x(NH4)xH2PO4 crystals for all studied compositions x. With increasing ammonium content,
the maxima of the εσ33(T ) and d36(T ) shift to lower temperatures, get smeared out, and lower
down. Hence, at x ≈ 0.24, undergoing the phase transition into the proton glass state the values
of the piezoelectric coefficient an dielectric permittivity at quite large at temperatures well below
Tg, whereas in the ferroelectric compounds εσ33 and d36 decrease very fast in the low-symmetry
phase.
The temperature dependences of the elastic constant cE66 have minima in the vicinities of the
corresponding transition temperatures (fig. 11).
Caused by the electromechanical coupling correlation in behavior of the cE66(T ) and ε
σ
33(T )
curves is observed. As follows from the form the d36(T ) dependence, this coupling is the largest
at temperatures, where the minimum of cE66 is observed, which coincides with the position of the
dielectric permittivity maximum.
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Figure 15: The temperature dependences of the of the elastic constant of K1−x(NH4)xH2PO4 at
small x (a) and large x (b). Solid lines are the theoretical results of [24]. Data for x = 0 are taken
from [50] ◦, [70] , [71] △.
9 Theory of dielectric, piezoelectric, and elastic properties
of mixed K1−x(NH4)xH2PO4 crystals
In the cluster approximation the mixed K1−x(NH4)xH2PO4 crystal can be presented as a system
of independent PO4 tetrahedra (”A”,”B”,”A
′”,”B′”) in an effective field with four effective dipole
moments
〈
~df
〉
c
of the proton bonds, where 〈...〉c stands for averaging over the compositional
configurations [4–8]. The contribution of heavy ions is taken into account via renormalization of
the Hamiltonian parameters. The effective pseudospin cluster Hamiltonian (e.g. of the ”B” type)
can be written as
HBα ({ξf} ; {Sf}) = HBcl,α ({Sf}) + V Bα ({Sf}) ε6 −
∑4
f=1 ξfSf ;
ξf =
〈
~df
〉
c
· ~E + ϕf + ϕL,f +
〈
dzf
〉
c
·
(
ψ6,f · ε6 +Gzf
) . (7.1)
Here ~E is a uniform external electric field; Gzf is the z-component of the internal random
deformational field; ϕf is the random cluster field, caused by the influence of the “A” tetrahedron
on the bond f, connecting the “A” and “B” tetrahedra; ϕL,f is the random long-range field,
created by all effective dipoles apart from those belonging to the “A” and “B” tetrahedra. The
coefficient of the piezoelectric coupling is presented as a product
〈
dzf
〉
c
ψ6,f , where the variable
ψ6,f = 〈ψ6,f〉+Aψ6 ·Gzf describes its spatial fluctuations, whereas ε6 is the component of the strain
tensor; the pseudospin Sf = ±1 describes the proton position on the hydrogen bonds.
Only two lowest energy levels εα and wα (Slater and Takagi configurations) of protons around
the PO4 group are taken into account for the Hamiltonian H
B
cl,α ({Sf}); it is also assumed that the
highest levels w1α →∞. The quantity V Bα ({Sf}) describes the splitting of the lowest energy levels
due to the strain ε6. we shall asume that an arbitrary cluster can be either in the configurational
state α = + with the energy parameters ε+, w+ with the probability c+ = 1 − x or in the state
α = − with the energy parameters ε−, w− with the probability c− = x. Then the state of the
effective dipole moment ~df (αf , α
′
f ) corresponding to the bond f is determined by the states αf , α
′
f
of the two tetrahedra connected by this bond; the average bond moment
〈
~df
〉
c
reads:
〈
~df
〉
c
≈ c2+ ~df+ + c2−~df− + 2c+c− ~df0; ~df± = ~df (±,±); ~df0 = ~df (+,−) = ~df (−,+);
~d1λ = (d
x
λ, 0, d
z
λ),
~d3λ = (−dxλ, 0, dzλ), ~d2λ = (0,−dyλ, dzλ), ~d4λ = (0, dyλ, dzλ),
(7.2)
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where ~df,λ are the model parameters, λ = ±, 0.
In this approach the averaged over the configurations effective dipole moment of a tetrahedron〈
~PB
〉
c
and the Edwards-Anderson parameter QEA = QEA,f describing the proton disorder on
the hydrogen bonds + – =. . . O, read (ηf = η for all compositions except the crystals of the AFE
region of the T − x phase diagram)
〈
PB
〉
c
≈ 4
〈
dzf
〉
c
· η; η =
〈
th
(
βξ˜
)〉
σ,g
; QEA =
〈(
th
(
βξ˜
))2〉
σ,g
− η2
ξ˜ = 2ϕ+ ϕL +
〈
dzf
〉
c
〈ψ6,f 〉c ε6 + σ +
〈
dzf
〉
c
(1 +Aψ6ε6) g;〈
thn
(
βξ˜
)〉
σ,g
=
∫∞
−∞
dσ
∫∞
−∞
dg R (σ, 2q + qL) ·R
(
g,
〈
G2
〉
c
) · thn (βξ˜) .
(7.3)
Here ηf is the average parameter of proton ordering for the bond f ; ϕ = 〈ϕf 〉c is the average
value of the cluster field; ϕL = 〈ϕL,f 〉c is the average value of the long-range field. Averaging〈
F
(
βξ˜
)〉
σ,g
in (7.3) are performed over two random fields σ and g with Gaussian distribution
densities R (u,Q) = 1/
√
2πQ · exp{−u2/2Q}. One of the weight functions is averaged over the
stochastic deformation fields g (u → g ) with dispersion Q → Qg =
〈
G2
〉
c
· x(1 − x) (〈G2〉
c
is
the composition and temperature independent model parameter), another one is averaged over the
stochastic fields σ with the dispersion 2q+ qL. Here q =
〈
ϕ2f
〉
c
− ϕ2) is the cluster field variance;
qL =
〈
ϕ2L,f
〉
c
− ϕ2L is the long-range field variance. The parameter Aψ6 describes the coupling
between fluctuations of the random fields ψ6,f and G
z
f .
The system state is determined by two variational parameters ϕ and q – these are the param-
eters, determining QEA. The expression for the free energy also contains the parameters ϕL and
qL introduced to take into account the long-range field. These, however, can be expressed via ϕ
and q and exclude from consideration.
The parameter of the cluster field fluctuation q is different from zero at compositions except
for the pure systems (x = 0,0 and x = 1,0). In these compounds η and ϕ differ from zero in the
low-temperature phases, whereas in the paraelectric phase η = 0; ϕ = ϕL = 0.
The thermodynamic characteristics of the studied system can be obtained from the thermody-
namic Gibbs potential
G(T, ϕ, q, ε6) =
1
2
c¯066 · ε26 − e¯036ε6 ·Ez −
1
2
χ¯033 · (Ez)2 + Fs(T, ϕ, q, ε6)− σ6 · ε6 (7.4)
Here the three first terms correspond to the average lattice free energy; Fs(T, ϕ, q, ε6) is the free
energy of the proton subsystem, calculated with the Hamiltonian 7.1, c¯066, e¯
0
36 and χ¯
0
33 are the “seed”
elastic constant, piezoelectric coefficient, and longitudinal susceptibility, respectively; σ6 is the
stress tensor component. Equations for the parameters ϕ, q , and ε6 are found from the condition
of the potential G(T, ϕ, q, ε6) extremum. Dielectric, piezoelectric, and elastic characteristics of the
mixed K1−x(NH4)xH2PO4 crystals can be calculated using the following relations
χε33 = (
∂P
∂Ez
)ε6 ;χ
σ
33 = (
∂P
∂Ez
)σ6 ; d36 = (
∂ε6
∂Ez
)σ6 ; c
0
66 = (
∂σ6
∂ε6
)Ez ; e36 = (
∂σ6
∂Ez
)ε6
Here χσ33 and χ
ε
33 are the susceptibilities of free and clamped crystals (ε
σ
33 = ε¯
0
33 + 4πχ
σ
33 and
εε33 = ε¯
0
33+4πχ
ε
33 are the corresponding permittivities; d36 is the coefficient of piezoelectric strain;
cE66 is the elastic constant, and e36 is piezoelectric coefficient.
A detailed fitting procedure, providing a good description of all available experimental data,
will be performed in our subsequent paper. Here we shall limit our consideration by a qualitatively
analysis of the theory predictions.
In figs. 16 - 18 we show that temperature dependences of the dielectric permittivities,
piezoelectric coefficient, and elastic constant calculated within the proposed model for the
K1−x(NH4)xH2PO4 crystal. One can see that the theoretical and experimental curves are quali-
tatively similar.
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Figure 16: The temperature dependences of the dielectric permittivities at constant strain εε33
(solid line) and constant stress εσ33 (dashed line) for different compositions x=0 (1, and 1’); 0.1 (2,
and 2’); 0.2 (3, 3’ and 3”); 0.3 (4, and 4’), 0.4 (5, and 5’), and 0.5 (6, and 6’), calculated with the
variance coefficient Aψ6 = 1. The curve 3” for x = 0.2 shows the dependence ε
σ
33(T), calculated for
Aψ6 = 0.5
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Figure 17: The temperature dependence of the piezoelectric coefficient d36 for different composi-
tions x=0 (1); 0.1 (2); 0.2 (3 and 3’); 0.3 (4), 0.4 (5), and 0.5 (6), calculated with the variance
coefficient Aψ6 = 1. The curve 3” for x = 0.2 shows the dependence ε
σ
33(T), calculated for Aψ6 = 0.5
In particular, the experiment revealed a decrease of the temperature and magnitude of the
anomalies in εσ33, d36, and c
E
36, increase of their smearing with increasing x, which agrees with the
theoretical results (figs. 13 - 15 and figs. 16 -18). Let us note that the smearing of the anomalies
observed in the phase transition regions is traditionally ascribed to the spatial fluctuations of
the composition, leading to coexistence of polar and frustrated paraelectric phases. The proposed
theory suggests a different mechanism of the smearing, which allows us to describe the temperature
curves of εσ33, d36, and c
E
36 without taking into account of the heterophase fluctuations in the
transition region.
Within the proposed model the smearing is attributed to the local fluctuations of the piezo-
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Figure 18: The temperature dependence of the elastic constant cE66 for different compositions =
0,0 (1); 0.1 (2); 0.2 (3 and 3’); 0.3 (4), 0.4 (5), and 0.5 (6), calculated with the variance coefficient
Aψ6 = 1. The curve 3” for x = 0.2 shows the dependence ε
σ
33(T), calculated for Aψ6 = 0.5.
electric coupling described by the variance Aψ6 ·QG, where QG =
〈
dzf
〉
c
√〈G2〉c · x(1 − x) is the
variance of local deformational fields. The latter is the reason why the parameter QEA(T, x) is
different from zero at temperatures well above the transition. The calculations show that with
increasing the variance coefficient Aψ6 the peaks of the dielectric permittivities ε
σ
33 and ε
ε
33 become
more smeared. This is illustrated in figs. 16 - 18, d36 (fig. 17), and where the temperature curves
of εσ33 (fig. 16), and c
E
36 (fig. 18) are shown for the sample with x = 0.20 and for the variance
coefficient Aψ6 = 0, 5 and 1,0.
The performed analysis shows that fluctuations of the piezoelectric coupling smears out the
boundary between the ferroelectric and glass-like regions of the phase diagram, which has been
also revealed experimentally (see, for instance, [75]).
10 Conclusions
In the present paper we describe the thermodynamic approach to description of electromechanical
phenomena in ferroelectric crystals. Relations between the dielectric, piezoelectric, and elastic
characteristics of these systems are obtained. The major advantage of the thermodynamic theory
of the ferroelectircs lies in its simplicity, wide application range, and possibility to establish re-
lations between various macroscopic parameters of the ferroelectrics. However, it is limited by a
purely macroscopic picture, which makes impossible any discussion of the microscopic transition
mechanisms or of the atomic processes responsible for the ferroelectricity. In fact, this theory is
phenomenological.
The phenomenological description of the physical characteristics of the KH2PO4 type ferro-
electrics has been generalized by taking into account the piezoelectric coupling. However, because
of the first order phase transitions in the KH2PO4 crystals and large value of the polarization jump
at T = Tc, the phenomenological approach in this case is quite approximate.
The microscopic approach to description of the thermodynamic and dynamic properties of the
ferroelectric crystals of the KH2PO4 crystals used in this paper is based on the proposed modified
proton ordering model with taking into account the linear in the strain ε6 contributions into the
proton subsystem energy; tunneling is neglected. In the four-particle cluster approximation the
dielectric, piezoelectric, elastic and dynamic characteristics of the KH2PO4 type ferroelectrics and
NH4H2PO4 type antiferroelectrics have been calculated. Optimum values of the fitting parame-
ters have been found, providing a proper description of the available experimental data for the
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considered crystals.
Taking into account the piezoelectric coupling allowed us to calculate the susceptibilities of
mechanically free and clamped crystals, piezoelectric coefficients, elastic constants. The calculated
temperature dependences of these characteristics confirmed the experimentally observed difference
between εσ33 and ε
ε
33 for the K(H1−xDx)2PO4 type crystals and a small difference between them
for ADP and DADP.
It has been shown that in presence of the piezoelectric coupling the minimal value of ε′33(ω) at
different frequencies is larger than in its absence, in agreement with experiment. With increasing ε6
the dispersion frequency of ε33(ω) in ferroelectric crystals of the KH2PO4 family increases as well.
Phenomena of crystal clamping and piezoelectric resonance in the crystals have been described for
the first time.
Using the thermodynamic theory and the obtained experimental data for the resonance fr and
antiresonance fa frequencies, the coefficients of piezoelectric coupling, longitudinal dielectric per-
mittivities of free and clamped crystals, coefficient of piezoelectric strain d36, elastic constant at
constant field cE66 have been calculated. A typical for the piezoelectrics behavior of these charac-
teristics in the K1−x(NH4)xH2PO4 systems has been revealed.
It is shown that with increasing ammonium content for the studied crystals, the anomalies of
εσ33, d36, and c
E
66 in the phase transition regions are getting more and more smeared out. It is
establised that these disordered compounds are piezoelectric.
In order to describe the dielectric, piezoelectric, and elastic characteristics of the mixed crystals
of the K1−x(NH4)xH2PO4 type we propose a model, which takes into account the piezoelectric
coupling, in addition to the competing long-range and short-range interactions and random internal
field. The dielectric permittivities of free and clamped crystals, coefficient of piezoelectric strain
d36, and the elastic constant c
E
66 are calculated and explored. It is shown that the theoretical
results are in a qualitative agreement with experimental data.
The analysis performed within the framework of the proposed model revealed a possible ad-
ditional origin for the observed smearing of the anomalies in the temperature dependences of
the dielectric, piezoelectric, and elastic characteristics in the vicinities of the transitions into the
ferroelectric or glass-like phases, which is related to the spatial dispersion of the coefficient of
piezoelectric coupling.
Without a doubt, further theoretical and experimental studies of the thermodynamic, dielectric,
piezoelectric, and elastic characteristics of the Rbx(NH4)1−xH2PO4 and Kx(NH4)1−xH2AsO4 sys-
tems. Particularly useful information about the Kx(NH4)1−xH2AsO4 type systems can be obtained
from the studies of the transverse dielectric, piezoelectric, and elastic characteristics.
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